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An array of N closely spaced dipole coupled quantum emitters exhibits super- and subradiance with
characteristic tailorable spatial radiation patterns. Optimizing the emitter geometry and distance
with respect to the spatial profile of a near resonant optical cavity mode allows us to increase the
ratio between light scattering into the cavity mode and free space emission by several orders of
magnitude. This leads to distinct scaling of the collective coherent emitter-field coupling versus
the free space decay as a function of the emitter number. In particular, for subradiant states, the
effective cooperativity increases much faster than the typical linear ∝ N scaling for independent
emitters. This extraordinary collective enhancement is manifested both in the amplitude and the
phase profile of narrow collective antiresonances appearing at the cavity output port in transmission
spectroscopy.
PACS numbers: 42.50.Ar, 42.50.Lc, 42.72.-g
The confinement of atoms and photons in small vol-
umes with very low loss has been a renowned success [1–3]
as it allows for tests of light-matter interactions where
the quantum nature of both comes into play. In a cavity
quantum electrodynamics setup, the photon-emitter in-
teraction strength g1 ∝ µE for an emitter with a dipole
moment µ is strongly enhanced by decreasing the field
mode volume and, thus, increasing the local field per pho-
ton E . In a standard Fabry-Pe´rot cavity geometry, this
is achieved by closely surrounding the emitter with two
high-reflectivity mirrors. The atom-photon interaction
time is then enhanced by a factor roughly proportional
to the cavity finesse characterizing the number of round
trips a photon can make before escaping to the environ-
ment at a rate κ. At the single quantum emitter level,
this has facilitated experimental progress towards strong
coupling allowing the study of single photon nonlinear
effects, such as the photon blockade regime [4], of vacuum
Rabi splittings and other tests of fundamental quantum
optics effects [5, 6].
The single emitter cooperativity C1 = g
2
1/(κγ) (where
γ is the rate of spontaneous decay into free space) is a
well established measure for strong light-matter interac-
tion when C1  1. Since, for a single two-level emitter,
the dipole matrix element µ appears both in g1 ∝ µ and
γ ∝ µ2, the cooperativity C1 is merely a geometric factor
independent of µ [7]. This means that cavity design (in-
creasing the finesse and decreasing the transverse mode
area) is the central aspect for reaching high single emitter
cooperativity. In the parameter regime of large κ, one
often targets a large effective cooperativity by coupling
N emitters simultaneously to the same cavity mode. For
distant fully independent emitters, the effective coopera-
tivity then scales like Ceff = C1N , as the emitter-cavity
coupling gN = g1
√
N increases proportionally to
√
N ,
while the free space emission rate γ stays constant. How-
ever, especially for small emitter-emitter separations, their
coupling to the vacuum modes is inherently collective gen-
erating states with superradiant and subradiant decay
[8], which invalidates the above simple scaling law. Such
decay processes have recently attracted interest in 1D
and 2D subwavelength spaced atomic arrays used in topo-
logical quantum optics, high extinction media or photon
storage [9–14].
We introduce an alternative, improved path, towards
reaching a high cooperativity based on collective dis-
sipative effects. The mechanism involves the separate
optimization of the coherent coupling of the emitters to
the cavity mode and of the incoherent emitter-vacuum
coupling. For a configuration of N closely spaced emitters
(separation less than the transition wavelength λe), the
FIG. 1. System setup. (a) Optical cavity supporting (b)
different transverse modes coupled to (c) a rigid array of
dipole-dipole interacting quantum emitters. (d) Light-matter
interaction creates an antiresonance dip and a fast phase
switch around the emitter resonance in the cavity transmission
spectrum as shown on the right for a single emitter with
g1 = κ/10 = 2γ.
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2coupling to free space vacuum modes can be strongly
suppressed [8, 15, 16]. At the same time, a periodic ar-
rangement of emitters in a rigid geometry (for example
implanted inside a solid-state matrix), transversely placed
inside a single cavity mode can lead to optimized collec-
tive coupling [17]. The upshot is that Ceff scales strongly
in a nonlinear fashion with N , as the effective collective
free space decay rate γeff can be dramatically suppressed.
We propose an example for the implementation of phase
imprinting using higher order transverse cavity modes
leading to the preferential excitation of subradiant collec-
tive states. The effect is directly observable by homodyne
detection of the cavity output, displayed both in am-
plitude and phase antiresonant behavior [18, 19]. As
opposed to the strong coupling regime exploited in [18],
this paper considers the bad cavity regime κ  g1
√
N
where one typically expects modest antiresonance phase
shifts. Because of the collectively increased effective coop-
erativity, very narrow antiresonances occur accompanied
by extremely fast and large phase shift switches rendering
such a system perfect for high resolution spectroscopy.
Model – Let us consider an ordered ensemble of quan-
tum emitters modeled as two-level systems with ground
state |g〉i and an excited state |e〉i (split by frequency ωe)
located at ri (for i = 1, ..., N) (see Fig. 1). The levels
are connected by individual Pauli raising and lowering
operators σ±i with σ
x
i = σ
+
i +σ
−
i , σ
y
i = −i(σ+i −σ−i ), and
σzi = σ
+
i σ
−
i − σ−i σ+i . The emitters are embedded in a
static 2D support, transversely placed in the center plane
of a single higher order transverse electromagnetic (TEM)
mode at frequency ωc (see Fig. 1). At position (r, z) along
the cavity axis z, the electric field operator is proportional
to a cos(kz)f(r)y, where a is the annihilation operator of
the cavity mode, k = ωc/c, f(r) is the transverse spatial
mode profile, and y denotes linear polarization in the y
direction. The cavity is laser driven at frequency ωl with
power P through one mirror. In a frame rotating at ωl,
the dynamics of the mode of interest is described by
Hc = ~∆ca†a+ i~η
(
a† − a) , (1)
where ∆c = ωc − ωl and η =
√
2Pκ/(~ωl). Cavity damp-
ing with decay rate κ occurs via the collapse operator
a.
At dense spacing (|ri − ri+1| < λe), one has to account
for the direct emitter-emitter interactions via the tran-
sition dipole moments µi. The collective dynamics is
governed by the free Hamiltonian He and the collective
part Hdip,
He +Hdip = ~∆e
∑
i
σ+i σ
−
i + ~
∑
i,j:i 6=j
Ωijσ
+
i σ
−
j , (2)
where ∆e = ωe−ωl, and Ωij is the strength of the coherent
dipole-dipole interaction between emitters i and j (see
Appendix). Moreover, the incoherent collective dynamics
leads to mutual decay rates γij that can be accounted for
with the Lindblad superoperator [20]
Le[ρ] =
∑
i,j
γij
(
2σ−i ρσ
+
j − σ+i σ−j ρ− ρσ+i σ−j
)
. (3)
In the single cavity mode limit, the interaction is de-
scribed by the Tavis-Cummings Hamiltonian
Hint = ~
∑
i
gi
(
a†σ−i + aσ
+
i
)
, (4)
where the coupling strength gi of an emitter at position
(ri, zi) is proportional to cos(kzi)f(xi, yi)y · µi.
The complete dynamics of the system with density
matrix ρ are then described by the master equation
ρ˙ =
i
~
[ρ,H] + Lc[ρ] + Le[ρ], (5)
where H = Hc + He + Hdip + Hint and Lc[ρ] =
κ
(
2aρa† − a†aρ− ρa†a). Equivalently, the dynamics can
be described via quantum Langevin equations (QLE) [21]
(see Appendix).
Single emitter antiresonance – We consider a reference
system with a single emitter in the low excitation limit
〈σzi 〉 ≈ −1 where a linear coupled set of QLEs can be
derived. For a resonant interaction (i.e. ∆ ≡ ∆c = ∆e),
this leads to the following mean field equations:
〈a˙〉 = −(κ+ i∆) 〈a〉+ η − ig 〈σ−〉 , (6)
〈σ˙−〉 = −(γ + i∆) 〈σ−〉 − ig 〈a〉 . (7)
These equations exhibit the phenomenon of atomic an-
tiresonances [18, 22], where the resonantly driven atomic
dipole oscillates in a way to counteract the cavity drive
and leads to a minimum of transmission [23]. We analyze
its dependence on γ by studying the steady-state ampli-
tude transmission t, which is proportional to the output
field amplitude t = κ 〈a〉 /η. It reads
t =
κ
i∆ + κ+ g2/(i∆ + γ)
. (8)
The transmitted intensity is T = |t|2 and the relative
phase shift caused by the emitter is φ − φc, where φ =
Arg(t) = arctan (={t}/<{t}) and φc = − arctan (∆c/κ)
is the phase shift of the bare cavity. The detection of the
relative phase shift can be done by homodyne detection
and analysis of the output field quadratures. Scanning the
laser frequency (∆), we find that the coherent transmitted
intensity through the cavity contains an antiresonance
dip around ∆ = 0 with a corresponding jump in the
phase shift (see Fig. 1). Fitting the antiresonance with
a Lorentzian (see Appendix), we find a depth of 1 −
T (∆ = 0) = C1(C1 + 2)/(C1 + 1)
2, and a width that
can be approximated by γ(C1 + 1) = g
2
1/κ + γ (for a
regime where both g1, γ  κ). An almost vanishing
3transmission is, then, a signature of reaching a regime of
strong cooperativity (C1  1).
Collective antiresonance of emitter arrays – As C1 is
independent of µ, an emitter with a larger dipole moment
will only broaden the antiresonance. For coupled emitter
arrays, this is, however, no longer valid, and one can design
the radiative properties of the ensemble. For collective
subradiant resonances of an array the free space emission
is suppressed, while we still can optimize the coupling
to the cavity mode. This generates extremely sharp and
deep antiresonances accompanied by a fast and large phase
change within a narrow frequency range. The immediate
upshot of this regime is a dramatically enhanced effective
cooperativity, which renders it an ideal configuration for
high resolution spectroscopy.
The set of coupled QLEs for many emitters can be cast
in vector form
˙〈a〉 = −i∆c 〈a〉+ η − iGᵀ 〈σ〉 − κ 〈a〉 , (9)
˙〈σ〉 = −i∆e 〈σ〉 − iΩ 〈σ〉 − iG 〈a〉 − Γ 〈σ〉 , (10)
where, now, σ and G are column vectors with entries σ−i
and gi. The matrices Ω and Γ have the elements Ωij and
γij . In steady state the transmission coefficient for the
cavity amplitude reads
t =
κ
i∆c + κ+ G
ᵀG/[i∆eff(∆e) + γeff(∆e)]
, (11)
where the effective ∆e-dependent collective energy shifts
and linewidths are derived from the matrix
M(∆e) = i∆e1 + iΩ + Γ (12)
as real and imaginary parts
∆eff(∆e) = =
{
GᵀG
GᵀM−1(∆e)G
}
, (13)
γeff(∆e) = <
{
GᵀG
GᵀM−1(∆e)G
}
. (14)
In analogy to the single emitter case, we can define an
effective N -emitter cooperativity by
Ceff(∆e) =
GᵀG
κγeff(∆e)
. (15)
This equation provides a main message of the paper, as
it shows that the numerator and denominator no longer
share the same dependency on µ. As γeff is not a natural
constant of the ensemble, but strongly dependent on the
relative positioning and phase of individual emitters, one
can reach subradiant states with γeff  γ. By proper
design of the cavity transverse field amplitude profile, the
numerator can, at the same time, be maximized, resulting
in a scaling up of Ceff well above the independent emitter
case Ng21/(κγ).
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FIG. 2. Targeting antiresonances. (a), (c), and (e) show
the cavity intensity transmission and (b), (d), and (f) the
corresponding phase for a scan of the laser frequency. The
upper row corresponds to ωc = ωe and asymmetric coupling
gi = (−1)ig; the middle row illustrates frequency selection as
ωc ' ωm=N. Finally, we also match the symmetry to the state
corresponding to the subradiant antiresonance (see Appendix).
The parameters are N = 10, g = κ/50, γ = κ/40 with a chain
separation of d = 0.08λe.
Two emitters – Let us elucidate the mechanism in
the two emitter case, with adjustable separation d =
|r1 − r2|. We distinguish two fundamentally different
cases: (i) uniform coupling G = (g, g)ᵀ and (ii) opposite
coupling G = (g,−g)ᵀ, resulting in GᵀG = 2g2 for both
cases. The matrix of interactions can be diagonalized with
eigenvalues i(∆e±Ω12)+(γ±γ12), signaling the presence
of collective super- and subradiant states (γ±γ12) shifted
by ±Ω12 from the emitter resonance ωe (the positive sign
corresponds to uniform coupling).
In the extreme case, where d  λe, the mutual de-
cay approaches γ12 → γ, and the effective cooperativity
reaches (i) Ceff → g2/(κγ) and (ii) Ceff → ∞, respec-
tively. To account for dipole-dipole energy shifts, we
impose ∆eff(δ) = 0 and, subsequently, tune the cavity
such that ωc = ωe − δ; i.e. we match the cavity to
the shifted collective emitter resonance. For two emit-
ters, the imposed resonance condition yields δ = ±Ω12.
The resulting depth and width of each antiresonance is
Ceff(Ceff + 2)/(Ceff + 1)
2 and γeff(Ceff + 1), respectively.
Hence, for d → 0, we have (i) an antiresonance depth
as for the single emitter but twice the width (superra-
diance), and (ii) an antiresonance that has a depth of 1
and a width of 2g2/κ (subradiance). While the width of
the antiresonance is still limited by g, the phase switch
bandwidth is independent of g. This is a direct measure
of the subradiance as the slope of the phase switch in this
limit is 1/γeff (see Appendix). The result is reminiscent
of the one in [18], however, in a very different and less
stringent regime, where only weak coupling is required
and where usually moderate phase shifts are expected; in
4contrast, for γeff → 0, the phase even exhibits a pi phase
change within an extremely narrow frequency range, since
in this regime, lim∆→0± (φ− φc) = ±pi/2.
Addressing collective subradiant states – The above re-
sults can be generalized to N emitters in an equidistant
chain configuration (d = |ri+1−ri|). Analytical considera-
tions can be made under a nearest neighbor approximation
for Hdip in the single-excitation regime, very well justified
at small interemitter distances and weak driving. Diago-
nalization of Hdip gives rise to an N -band problem with
energies ωm = ωe + 2Ω12 cos[mpi/(N + 1)] for m running
from 1 to N . The Lindblad term then shows a ranking
of levels from superradiant (m = 1) to very subradiant
(m = N) for d  λe/2 [8]. Moreover, the eigenvectors
|m〉 = √2/(N + 1)∑j sin[mjpi/(N + 1)]σ+j |g〉⊗N have a
specific geometry with almost full symmetry (m = 1) to
almost full asymmetry (m = N). The two distinct cases
involving uniform G = (g, g, ...)ᵀ and opposite couplings
G = (g,−g, ...)ᵀ then almost perfectly address these fully
symmetric |m = 1〉 and asymmetric |m = N〉 states.
Illustrated in Figs. 2(a) and 2(b) is a scan of the collec-
tive resonances of a ten-emitter chain with gi = (−1)ig
and ωc = ωe. Both the dip and phase show an off-resonant
selection of collective subradiant states. We then selec-
tively target a given state by fitting the cavity resonance
to its energy as shown in Figs. 2(c) and 2(d). To achieve
this, we focus around the state |m = N〉 with energy
ωm=N and we recalculate the state’s energy by imposing
∆eff(δ) = 0 after which we set ωc = ωe − δ. We note that,
as opposed to the two-emitter case, we cannot find an
analytical value for δ but solve for it numerically. It corre-
sponds to a value close to ωm=N−ωe. Finally, we compare
the results to an ideal procedure where the components
of G are chosen such that they match the geometry of
the target state [Figs. 2(e) and 2(f)].
The characteristics of the antiresonances can be quan-
tified by Ceff (see Fig. 3). As above, we assume the
asymmetric cavity field profile with G = (g,−g, ...)ᵀ and
make a reference plot Copt as a function of d. The optimal
cooperativity Copt is obtained from Eq. (15) by substitut-
ing the decay rate with the minimal eigenvalue of Γ [24].
In reality, owing to imperfect phase matching to the most
subradiant state as well as to the inherent level shifts
brought on by the dipole-dipole interactions, the effective
gain is more modest. Nevertheless, as suggested by the
blue (solid) curve in Fig. 3, for d < 0.5λe the enhancement
is considerably larger than in the noninteracting quantum
emitters case.
Subradiance using transverse phase gradients – While,
in practice, individual phase imprinting on the subwave-
length scale is not a trivial task, we present a theoretical
illustration using 1D or 2D ensembles transversely placed
in the center of a cavity, in the focal point of a higher
order TEM mode. In the plane of the emitters, the
field profile of a Gaussian-Hermite mode of order m,n
is f (x, y) = AmnHm
(√
2x/w
)
Hn
(√
2y/w
)
e−(x
2+y2)/w2 .
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FIG. 3. Scaling of effective cooperativity. Ceff for N = 10 as
a function of d/λe. The effective cooperativity (blue, solid
curve) is compared to an idealized case of perfect subradiance
(yellow, dashed curve). We used ∆c = ∆eff = 0, g = κ/30,
and γ = κ/40.
Here, Hn(x) is the nth Hermite polynomial, w is the waist
of the beam in the center of the cavity assuming a per-
fectly symmetric cavity and Amn =
√
2/(pi2(m+n)m!n!).
Higher order TEM modes exhibit multiple extrema of
opposite signs in the transverse profile. For a sufficiently
small w (of the order of λe), adjacent extrema can be
closely spaced (for a TEMm0 mode around w/
√
m) re-
sulting in the desired coupling asymmetry. Note that,
in reality, owing to the diffraction limit, optical cavities
might not be stable under high transverse mode operation,
in which case, an alternative stability regime has to be
found.
We illustrate the phase imprinting mechanism for a
chain illuminated by a TEMm0 mode with increasing m
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FIG. 4. Targeting subradiance via transverse mode driving. (a)
Effective cooperativity as a function of m for N = 10 and under
illumination with TEMm0 mode. The inset shows a decrease
in cavity coupling |G|. (b),(c) Comparison of antiresonance
signatures for TEM00 addressing (red, dashed line) vs TEMm0
addressing (blue, solid line) with m = 21, corresponding to
the point enclosed in the red box in (a). The parameters are
d = 0.2λe, w = λe, g = κ/30, γ = κ/40, and ∆eff = 0 at
∆c = 0.
5in Fig. 4(a), where now g is the coupling strength in
the center of the TEM00 mode. While, for small m, the
effective cooperativity decreases (owing to a decrease in
|G|), at higher m the alternating field phases are partially
addressing asymmetric collective states of high robustness
resulting in a considerably enhanced effective coopera-
tivity. The very sharp cavity response for a fixed mode
m = 21 is shown in Figs. 4(b) and 4(c) in comparison to
the modest results expected for a TEM00 illumination.
Moreover, we have numerically investigated 2D geometries
as well and found, for example, in the case of a 3×3 square
array with d = 0.2λe = w and g = κ/20 = 2γ (as depicted
in Fig. 1), an enhancement of effective cooperativity from
the bare value Ng2/(κγ) = 0.9 to Ceff ≈ 80.1.
Conclusions – Tailoring the collective dissipative dy-
namics of N dipole coupled emitters can lead to high
effective cooperativity even in the regime Ng2/(κγ) 1.
The immediate consequence is the occurrence of a nar-
row antiresonance dip with fast spectral phase switch-
ing without the need of strong individual coupling as in
Ref. [18]. As it applies to narrow atomic transitions, it
hints towards applications for precision spectroscopy and
quantum network characterization. As opposed to using
a lossy cavity field as an engineered bath leading to super-
radiance as in Ref. [25], we only considered the naturally
occurring environment provided by the free space radia-
tion modes. The regime treated here is perturbative; i.e.
the emitters do not modify the bare mode functions of
the cavity mode. Increasing the collective scattering rate
close to unity [9–12, 26, 27] should result in an interesting
regime of cavity QED where the cavity mode functions are
strongly modified by a relatively modest number of emit-
ters. A dynamical regime can occur and be exploited for
hybrid optomechanical applications [28, 29] with emitters
implanted on vibrating membranes. Stronger phonon-
photon interactions could be designed that benefit from
narrow collective resonances [29]. Similar considerations
can be used to analyze metamaterial arrays, where classi-
cal analogues of subradiant states are also experimentally
seen [30].
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7Appendix: Vacuum mediated coherent and incoherent
dynamics – For a collection of emitters at positions ri the
collective spontaneous emission rates and the coherent
dipole-dipole interaction strengths are [20]
γij =
3γ
2
F (ke · rij), (A.1)
Ωij = −3γ
4
G(ke · rij), (A.2)
respectively. Here, γ is the single emitter free space decay
rate, ke is the transition wave vector and rij := ri − rj .
The functions F and G are defined as
F (x) =
(
1− cos2 θ) sinx
x
+
+
(
1− 3 cos2 θ)(cosx
x2
− sinx
x3
)
, (A.3)
G(x) = − (1− cos2 θ) cosx
x
+
+
(
1− 3 cos2 θ)( sinx
x2
+
sinx
x3
)
, (A.4)
where θ is the angle drawn by the dipole moment µ and
the separation vector rij . Note, that for all computations
in the paper we assumed the dipoles to be oriented along
the y-direction.
Appendix: Cavity input-output relations – Consider a
cavity with two mirrors A and B. We drive the cavity
through the mirror B and measure the output at the
opposite mirror A. Furthermore, we assume that both
mirrors have identical losses of κ/2. The input-output
relations of the total input and output operators (i.e. the
input white noise on top of the classical input) for both
mirrors are
Bin +Bout =
√
κa, (A.5)
Ain +Aout =
√
κa. (A.6)
Taking the classical average of the above equations, and as-
suming the drive through B at amplitude 〈Bin〉 = η/
√
κ,
η√
κ
+ 〈Bout〉 =
√
κ 〈a〉 , (A.7)
〈Aout〉 =
√
κ 〈a〉 . (A.8)
Hence, we find that the output at port A reflects the
cavity field according to (A.8).
Appendix: Emitter input noise in the QLE – Writing
the input noise in the QLEs for the emitter ensemble is
not straightforward as the decay is not diagonal. We first
note that for a diagonal Lindblad term describing the
damping of a system via multiple damping channels with
operators cj and rates νj , the QLE [21] of an arbitrary
system operator A is
A˙ = i[H,A]−
∑
j
[A, c†j ]
(νj
2
c+
√
νjcin
)
+
+
∑
j
(νj
2
c† +
√
νjc
†
in
)
[A, c], (A.9)
where cin is the uncorrelated white input noise
〈cin(t)c†in(t′)〉 = δ(t− t′).
For correlated emitters, it is possible to diagonalize the
Lindblad term such that each decay channel is described
by a damping operator which is a linear combination of
all σ−j . We may perform the transformation back to the
original non-diagonal form in order to find the input noise
terms. To this end, let T be the real and orthogonal
(T−1 = TT) matrix which diagonalizes the matrix Γ as
diag (λ1, ..., λN ) = T
−1ΓT, (A.10)
where λj is the jth eigenvalue of the decay matrix. Defin-
ing a set of damping operators
Π±j :=
∑
k
(
T−1
)
jk
σ±k , (A.11)
we may write [24]
Le[ρ] =
∑
i
λi
2
(
2Π−i ρΠ
+
i −Π+i Π−i ρ− ρΠ+i Π−i
)
.
(A.12)
Obviously, this Lindblad term is diagonal and hence the
QLE may be cast into the form given by (A.9). The
input noise terms of the emitter operators σ±i,in follow
the transformation rules given by (A.11). Transforming
the QLE for any emitter operator A back into the non-
diagonal form gives the usual terms for the deterministic
parts. For the noise terms, however, we have∑
j
[A,Π+j ]
√
λjΠ
−
j,in =
∑
j
[A, σ+j ]ξj(t), (A.13)∑
j
[A,Π−j ]
√
λjΠ
+
j,in =
∑
j
[A, σ−j ]ξ
†
j (t), (A.14)
where we have implicitly defined our correlated emitter
noise terms ξj as
ξj(t) :=
∑
k,l
Tjk
√
λk(T
−1)klσ−l,in. (A.15)
Hence, the QLE for any emitter operator A is
A˙ = i[H,A]−
∑
ij
[A, σ+i ]
(γij
2
σ−j + ξi(t)
)
+
+
∑
ij
(γij
2
σ+j + ξ
†
i (t)
)
[A, σ−i ], (A.16)
with the spatially correlated white noise ξi. From the
definition of the noise it is straightforward to show that
〈ξi(t)ξ†j (t′)〉 = γijδ(t− t′). (A.17)
Appendix: Lorentzian shape of the antiresonance – We
verify the Lorentzian profile of the antiresonance for a
8single emitter interacting with a single cavity mode by
fitting
B(∆) =
∣∣∣∣ κi∆ + κ
∣∣∣∣2 − ∣∣∣∣ κi∆ + κ+ g2/(i∆ + γ)
∣∣∣∣2 , (A.18)
with a Lorentzian ∣∣∣∣ βsi∆ + β
∣∣∣∣2 , (A.19)
where β gives the linewidth while s gives the height. We
compute immediately
s = 1− 1
(1 + C)2
, (A.20)
and from
β =
√
2B(0)
∂2B
∂∆2 (0)
(A.21)
we obtain
β =
√
κ2(g2 + κγ)2(g2 + 2κγ)
g6 + 4g4κγ + 2κ3γ(κ2 + κγ + 2γ2) + g2(κ4 + 6κ2γ2)
. (A.22)
In the limit that both γ, g  κ when only keeping terms
of O(κ4) and higher, this reduces to β ≈ γ(1 + C).
The results obtained above are valid for two emitters
with the replacements γ → γeff, C → Ceff and the detun-
ing ∆c = ∆eff = ∆.
Appendix: Characterizing the phase of the field –
In order to describe the phase analytically, consider
that for the single emitter transmission coefficient with
∆c = ∆e = ∆, we have
={t}
<{t} =
∆
(
g2 −∆2 − γ2)
κ (γ2 + ∆2) + γg2
. (A.23)
The phase of the field is then given by the arctangent of
the above expression. For sufficiently small phase shifts
(C  1), the phase is well approximated by the argument
of the arctangent, such that
∂
∂∆
(φ− φc) ≈
Cγ (κ+ γ)
(
γ2 (1 + C)−∆2)
κ (γ2 (1 + C) + ∆2)
2 . (A.24)
Finding the roots of this expression yields the detuning at
which the phase shift of the emitter is maximal (positive
∆) or minimal (negative ∆), respectively,
∆ = ±γ√1 + C. (A.25)
We note, that for large cooperativity the approximation
of the phase does no longer hold, however, given that
g, γ  κ the position of the maximum and minimum are
well approximated by the above detuning even if C  1,
such that
max
∆
[φ− φc] ≈ max
∆
[φ] ≈ arctan
(
C
2
√
1 + C
)
. (A.26)
Here we wrote down the maximum of the phase and note
that the minimum only differs from this expression with
a negative sign. Now, depending on the sign of ∆, taking
the limit of γ → 0, the phase either goes to pi/2 or −pi/2,
while ∆→ 0, i.e.
lim
∆→0±
φ = ±pi
2
. (A.27)
This means that the phase exhibits a jump of magnitude pi
when crossing the resonance, which can also be seen when
computing the slope. To this end, consider the fact that
close to the resonance where |∆|  κ, the phase is small
such that the approximation in Eq. (A.24) is valid again.
In the limit of |∆|  γ, g  κ but large cooperativity
g2  κγ and hence g  γ, this expression becomes
φ− φc ≈ φ ≈ ∆
γ
. (A.28)
We conclude that the slope at the resonance (where the
phase changes sign) is proportional to 1/γ and hence di-
verges for γ → 0, which is in agreement with the previous
result where the phase shift is maximal or minimal at
∆→ 0 depending on whether one takes the left-sided or
right-sided limit.
Finally, we note that the above discussion is also appli-
cable to two emitters when replacing γ → γeff, C → Ceff,
and setting ∆c = ∆eff = ∆.
Appendix: Matching frequency and symmetry of an-
tiresonances –
For Fig. 2(e),(f) we set
G ≈(0.72,−1.44, 2.03,−2.46, 2.68,
− 2.68, 2.46,−2.03, 1.44,−0.72)ᵀ × 10−2κ, (A.29)
which corresponds to the coefficients of the eigenvector of
Ω that had the largest overlap with the eigenvector of Γ
corresponding to the smallest eigenvalue and therefore the
9smallest decay rate [24]. The frequency was matched by
numerically solving ∆eff(δ) = 0, which lead to δ ≈ 0.234κ,
and setting ∆c = ∆e − δ.
Appendix: Comparison to exact numerics –
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FIG. A.1. Comparison of analytics with exact numerics. We
compare the full numerics, i.e. without using 〈σzi 〉 ≈ −1, to
the analytical result in an extremely subradiant regime for a 4
emitter chain with opposite coupling and without dipole-dipole
shifts (Ωij = 0). The inset is zoomed in on the antiresonance
to emphasize the agreement. The parameters are d = 0.02λe,
g = κ/20 = 2γ and ∆e = 0.
Let us now comment on the accuracy of the linearization
used to obtain the form of eqs. (6),(7) and (9),(10). From
Fig. A.1, it is clear that as long as we keep the driving
strength η weak enough, the requirements for the low-
excitation limit are fulfilled rendering the analytics exact
(cf. red dots and dark blue line in Fig. A.1). If the driving
becomes too strong, the excitation of the emitters is no
longer negligible resulting in a discrepancy between the
full numerics and the analytics (cf. dashed, light blue line
in Fig. A.1). Nevertheless, this does not change the results
qualitatively, i.e. there still is a subradiant antiresonance.
